Abstract: Positive discrete series representations of the Lie algebra su(1, 1) and the quantum algebra U q (su(1, 1)) are considered. The diagonalization of a self-adjoint operator (the Hamiltonian) in these representations and in tensor products of such representations is determined, and the generalized eigenvectors are constructed in terms of orthogonal polynomials. Using simple realizations of su(1, 1), U q (su(1, 1)), and their representations, these generalized eigenvectors are shown to coincide with generating functions for orthogonal polynomials. The relations valid in the tensor product representations then give rise to new generating functions for orthogonal polynomials, or to Poisson kernels. In particular, a group theoretical derivation of the Poisson kernel for Meixner-Pollaczak and Al-Salam-Chihara polynomials is obtained. PACS : 02.20.+b, 02.30.+g, 03.65.Fd. 
I Introduction
The Lie algebra su(1, 1) (or so(2, 1)) has been extensively used as spectrum generating algebra in many simple quantum systems, such as the non-relativistic Coulomb problem, the isotropic harmonic oscillator, Schrödinger's relativistic equation, and the Dirac-Coulomb problem [1, and references therein] . In some interacting boson models the Hamiltonian H can be written as a linear combination of the su(1, 1) basis elements J 0 , J ± , such that H † = H, see e.g. the superfluid bose system [2, 3] . In such boson models, the representations that play a role are the positive discrete series representations of su (1, 1) , often denoted by D + (k). For a given Hamiltonian H = aJ 0 + bJ + + cJ − + d, with a * = a, d * = d and b * = c, the important questions are : (1) its spectrum (continuous or discrete); (2) the expansion of its eigenvectors in terms of the boson states |k, n (corresponding to eigenstates of J 0 in the representations D + (k)). In [4] a particular element, H = 2J 0 − J + − J − , was chosen, and it was shown that the expansion coefficients of the eigenstates of H in the basis |k, n of the representation D + (k) are given as generalized Laguerre polynomials (see also [5] ). The main purpose of [4] was then to consider tensor product representations, and deduce in a Lie algebraic way addition or convolution formulas for orthogonal polynomials (in this case for generalized Laguerre and Jacobi polynomials, cfr. [4, (1.1)]). Following this, the most general Hamiltonian with real coefficients (up to an overall constant and scaling factor) H = σJ 0 − J + − J − (σ ∈ R) was considered in [6] , and it was shown that the spectrum of H depends upon whether |σ| = 2, |σ| < 2 or |σ| > 2 (see also [7] for a particular representation). In each of these cases, the expansion coefficients of the Hamiltonian eigenstates in the |k, n -basis are orthogonal polynomials. In section II, the main results of [4, 6] are summarized in the present framework of eigenstates (generalized eigenvectors).
Although the physical applications or interpretations are clear from the above observations, this paper is primarily dealing with a number of mathematical consequences of choosing particular realizations for the positive discrete series representations.
The general framework for the positive discrete series representations is outlined in section II. The three type of operators are given, together with their spectrum and expansion coefficients (orthogonal polynomials). The tensor product of two positive discrete series representations is considered, and just as there are "coupled" and "uncoupled" eigenvectors for J 0 in the tensor product, one can also define coupled and uncoupled eigenstates of the Hamiltonian. The expansion coefficients of uncoupled eigenstates into coupled eigenstates (in an irreducible component of the tensor product), cfr. equation (2.13) , are again orthogonal polynomials (Jacobi, continuous Hahn, or Hahn polynomials).
All the relations given in section II (deduced in [4, 6] ) are obtained by Lie algebraic methods only. The purpose of the present paper is to examine the implications of these relations once a realization for the Lie algebra su(1, 1) and its representations D + (k) are chosen. For su(1, 1), there exists a classical realization such that the J 0 -diagonal basis states |k, n of D + (k) are simply the monomials z n . This realization is considered in section III. As a consequence, the eigenstates of the Hamiltonian H simply become generating functions for the orthogonal polynomials (i.e. the expansion coefficients), and also the J 0 -diagonal basis states in an irreducible component of the tensor product become a simple functions. Then, it remains to consider the relation connecting coupled and uncoupled eigenstates of the Hamiltonian in the tensor product, and investigate its explicit form in this realization. For the case of Laguerre and Jacobi polynomials, this is done in section IV; the outcome is a generalization of classical generating functions for Laguerre polynomials. For the case of Meixner and Hahn polynomials, this analysis is performed in section V; the outcome is the Poisson kernel formula for Meixner (or Meixner-Pollaczek) polynomials, equation (5.5) . Although the formula thus obtained is known, the method used to reach it is original and interesting : in this Lie algebraic framework it is a simple consequence of a very general expansion (equation (2.13)) in a particular realization.
Then we turn our attention to the q-analog of the results obtained so far. Since the method is purely algebraic, it works not only for the Lie algebra su(1, 1) but also for the quantum algebra U q (su(1, 1)) [8] . In section VI, the quantum algebra U q (su (1, 1) ) is defined, and the positive discrete series representations with a standard basis are given. Next, a self-adjoint operator playing the role of Hamiltonian is considered, and its eigenstates are expanded in the standard basis with expansion coefficients proportional to Al-Salam-Chihara polynomials. Just as for the su(1, 1) case, coupled and uncoupled eigenstates of this operator in the tensor product are constructed and the expansion of one into the other is given in terms of Askey-Wilson polynomials. The results presented in section VI are mainly taken from [6] . Just as for su(1, 1), the purpose is now to investigate the implication of these formulas once a realization is chosen. For U q (su(1, 1)), this realization is given in section VII, and the standard basis for positive discrete series representations consist again of monomials z n . Finally, the relation connecting coupled and uncoupled eigenstates is shown to give rise to the (symmetric) Poisson kernel formula for Al-Salam-Chihara polynomials in this realization. Although this formula has recently been found by means of classical methods, the present deduction is simple, purely algebraic, and a natural q-analog of the Poisson kernel for Meixner-Pollaczek polynomials in the su(1, 1) framework.
In a final section, two different realizations of su(1, 1) and its representations are considered. These realizations have been used in physical models. We show again how our general results of section II have interesting implications for special functions. In particular, integrals over products of Laguerre and Hermite polynomials are expressed in terms of a Meixner polynomial. This section is completed by some general comments and further outlook.
II The Lie algebra su(1, 1) and positive discrete series representations
The Lie algebra su(1, 1) is generated by J 0 , J ± subject to the relations n , with n = 0, 1, 2, · · · (and sometimes denoted by k, n ). The explicit action of the generators in this representation (k) is given by :
In two previous papers [4, 6] , a recurrence operator in the Lie algebra su(1, 1) was related to a Jacobi matrix. Rather than working with the spectral theory of Jacobi matrices, it will be more appropriate for this paper to use the (equivalent) notion of formal or generalized eigenvectors, to be identified with eigenstates of a Hamiltonian. In [6] , the formal eigenvectors
of the self-adjoint operator X = σJ 0 −J + −J − (σ ∈ R) in the representation (k) were studied; in a boson model such as referred to in the introduction the Hamiltonian H is essentially equal to this operator X. The formal vector v (k) (x) is a generalized eigenvector of X for the eigenvalue λ(x) provided l n (x) satisfies a three-term recurrence relation [4, 6] . This leads to an identification of l n (x) with orthogonal polynomials in x. These polynomials associated with X are of different type for |σ| = 2, |σ| < 2 or |σ| > 2. Labelling the operator in the three distinct cases as follows :
we can give a summary of some results obtained earlier in Table 1 . The spectrum of X is determined by the support of the measure of the associated orthogonal polynomials, being continuous for |σ| = 2 and |σ| < 2, and discrete for |σ| > 2. Table 1 , (α) n = Γ(α + n)/Γ(α) is the common notation for the Pochhammer symbol in terms of the classical Γ function. The definition of the orthogonal polynomials in terms of hypergeometric series is as follows [10] :
The notation for hypergeometric series is the standard one [11, 12] . By considering the tensor product decomposition for su(1, 1) representations, new summation formulas or convolution theorems were obtained for these polynomials. The tensor product decomposes as follows [9] :
(2.10)
The "coupled basis vectors" are written in terms of the uncoupled ones by means of the Clebsch-Gordan coefficients :
Herein, k = k 1 + k 2 + j for some integer j ≥ 0, and the sum is such that n 1 + n 2 = j + n. Explicit expression for the Clebsch-Gordan coefficients are given, e.g. in Ref. [4] . In the tensor product space, the generalized eigenvectors of ∆(X) = X ⊗ 1 + 1 ⊗ X can be considered. Again, there are "uncoupled" eigenvectors 12) where k = k 1 + k 2 + j for some integer j ≥ 0. It was shown in [4, 6] that
where S is again an orthogonal polynomial given in Table 2 , according to which of the three cases is considered. The constants in this table are determined by
14) 
The polynomials appearing in Table 2 are defined as follows [10] :
A number of interesting new convolution identities for orthogonal polynomials were constructed in [6] from the relation (k = k 1 + k 2 + j)
In the simplest case, where l (k)
n (x) corresponds to a generalized Laguerre polynomial and S (k 1 ,k 2 ) j (x 1 , x 2 ) to a Jacobi polynomial, this relation reduces to [4, (1.1) ]. Recently, this equation has been applied to find transformation brackets for U(N) boson models [13] .
III Realization of su(1, 1)
In this section we give a realization of su(1, 1) and of the discrete series representation D + (k). Assume that k > 1/2, and consider the Hilbert space of analytic functions f (z) (z ∈ C) on the unit disc |z| < 1, with inner product [9] (
The following functions form an orthonormal basis :
since (e
m ) = δ m,n . The realization of the su(1, 1) basis elements reads as follows :
It is easy to verify that the action of these operators on the basis (3.2) is indeed the same as in (2.2). Next, consider the formal vectors (2.3), which are now denoted by v (k) (x, z) since in this realization the basis vectors become functions of z. Since the vectors e (k) n are proportional to z n , one can see that the v (k) (x, z) are in fact generating functions for the polynomials l (k)
n (x). The explicit forms of the vectors is given in Table 3 , for each of the three cases consider here. 
For each of the cases, the generating function can be found in Ref. [10] . One can also find it by explicitly solving the first order differential equation
where X is one of (2.4)-(2.6), in the realization (3.3). Next, consider the tensor product of two representations (k 1 ) ⊗ (k 2 ) in the present realization, and the coupled vector
Using properties of the generating function for the Clebsch-Gordan coefficients, this expression can be written as follows :
where, as before,
In the following sections we shall consider the explicit forms of (2.12) and (2.13) in this realization, and its consequences.
IV The case of Jacobi polynomials
Consider equation (2.13) in the case X = X 2 ,
in this situation the polynomials S j are Jacobi polynomials. Using the formulas of Table 2 , and the new variables
this equation becomes
(4.3) Now we can integrate with respect to the weight function of Jacobi polynomials :
where h j is the norm of the Jacobi polynomials of degree j, i.e.
Using the expressions for the functions v given in Table 3 , we obtain
Proof. Writing
and using
one obtains, after some simplifications,
In the sum over m, the 1 F 1 is written explicitly as a series, the two summation variables are changed, and then Vandermonde's summation theorem can be applied; putting α = a + b + j + 2 and β = b + 1, this gives explicitly :
In the last sum k goes from j upto ∞, so let l = k − j, and rewrite the series; one finds
Putting this back in (4.10) finally proves the lemma. As a consequence, we now have the following explicit form for
On the other hand, we know from (2.12) that (k = k 1 + k 2 + j) :
with l (k) n (s) given in Table 1 and e (k 1 k 2 )k n (z 1 , z 2 ) given in (3.6). Thus we obtain,
.
(4.15)
This can be rewritten in a more appropriate form :
This is a generalization of two classical generating functions for the Laguerre polynomials. For a = 0, or z 1 = z 2 , it reduces to the first classical result
Note that (4.16) can be written in a more general form :
If one is not interested in the particular form of v (k 1 k 2 )k 1 +k 2 +j (s, z 1 , z 2 ), but only in comparing the two expressions of this vector in order to obtain (4.15), many simplifications take place. In particular, note that (4.15) does not explicitly depend upon j but only upon 2k 1 +j and 2k 2 + j. Thus, one can obtain the same formula (4.16) just by working out only the vector with j = 0. This will be done for the remaining cases in the following sections.
V The case of Meixner and Meixner-Pollaczek polynomials
Consider the case X = X c ; then (4.1) holds with S j proportional to a Hahn polynomial. First, assume that s = x 1 + x 2 is a positive integer (later this condition will disappear by analytic continuation). We can then apply the (discrete) orthogonality relation for Hahn polynomials, and obtain the j = 0 component
(5.1) With the explicit forms for v (k 1 ) and v (k 2 ) from Table 3 , this gives rise to
On the other hand, (4.14) now becomes
(5.3) Applying a series transformation on the last 2 F 1 yields
Given the Meixner polynomials in terms of a 2 F 1 , this leads to the following series expression :
(5.5)
This formula was already given in Ref. [14] , p. 85, eq. (12), and can be interpreted as the Poisson kernel for Meixner or Meixner-Pollaczek polynomials [15] . Observe that (4.19) is a limiting case of (5.5) : putting x = x ′ /a in (5.5) and taking the limit a → ∞ leads to (4.19). The case of Meixner-Pollaczek polynomials leads essentially to the same formulas.
VI The algebra U q (su(1, 1)) Let U q (sl(2, C)) (0 < q < 1) be the complex unital associative algebra generated by A, B, C, D subject to the relations §
This algebra can be equiped with a comultiplication, counit, and antipode, turning it into a Hopf algebra [16, 8] . The Hopf * -algebra U q (su (1, 1) ) has the following * -structure :
The positive discrete representations are labeled by a positive real number k. The representation space is again ℓ 2 (Z + ), with orthonormal basis vectors denoted by e (k) n , with § Compared to Ref. [6] , q is replaced by q 1/2 in order to have q as basis of the basic hypergeometric series appearing later. n = 0, 1, 2, · · ·. The explicit action of the generators in this representation (k) is given by [6] A e
Let s ∈ R\{0}, and define
Under the comultiplication
Y s is twisted primitive, and Y s A is a self-adjoint element. Here, Y s A is playing the role of the operator X for su(1, 1). In a previous paper [6] , the formal eigenvectors
of Y s A have been obtained. In order to express the results of [6] , recall the definition of AskeyWilson [17] and Al-Salam and Chihara polynomials [18] . The Askey-Wilson polynomial is defined by (x = cos θ) :
and it is symmetric in its parameters a, b, c and d. In (6.9), the notation for basic hypergeometric series and for the shifted q-factorial is taken from [12] . The Al-Salam and Chihara polynomials are obtained by taking c = d = 0 in the Askey-Wilson polynomials;
Using the abbreviation µ(x) = (x + x −1 )/2, it was shown in [6] that for 
The tensor product of two U q (su(1, 1)) representations (k 1 )⊗(k 2 ) is the same as in (2.10), and the Clebsch-Gordan coefficients in 12) have been determined, e.g., in Ref. [6] . In the tensor product space, the generalized eigenvectors of ∆(Y s A) have been considered, both in coupled and uncoupled form. It was shown that
is a generalized eigenvector of ∆(Y s A) for the eigenvalue λ(x 1 ). In "coupled" form,
is a generalized eigenvector of ∆(Y s A) for the same eigenvalue. The relation between the two generalized eigenvectors was given in [6] :
where p j is an Askey-Wilson polynomial and
A realization of U q (su (1, 1) ) and the representation labelled by (k) is closely related to the one given for su(1, 1) in Section III. The Hilbert space is the same (up to a rescaling of the inner product), and the basis functions are now
The realization of the U q (su(1, 1)) generators is given in terms of the operators
and reads
3)
For this realization, the formal vectors (6.8) become
following from a known generating function for the Al-Salam and Chihara polynomials [10] . We also wish to obtain an explicit form for the coupled vectors e
. Using the proof of Lemma 4.4 of [6] , one finds (k = k 1 + k 2 + j) :
; q, q . (7.8)
VIII Poisson kernel for Al-Salam-Chihara polynomials
In the realization of the previous section, the formal vectors defined in (6.13) can be rewritten using (7.7) and they become
Note that in all the previous formulas the variables of the Al-Salam and Chihara (or AskeyWilson) polynomials are µ(x 1 ) or µ(x 2 ); we can represent µ(x l ) = cos θ l and thus x l = e iθ l for some real θ l (l = 1, 2). The purpose is now to integrate equation (6.15) so as to obtain an explicit form for
If we assume that q k 2 < |s| < q −k 2 , then max{|a|, |b|, |c|, |d|} < 1, and the Askey-Wilson polynomial in (6.15) has an absolute continuous measure. Using the notation h(x; a) = h(x; a; q) = (ae iθ , ae 
The orthogonality relation for p n (x) ≡ p n (x; a, b, c, d|q) is 
Using the explicit form (8.1), the notation 10) and writing µ(x 2 ) = t, (8.9) becomes
The last integral is a known one; in Ref. [12] it is denoted by J(a, b, c, d, f, g), and shown to be equal to a 8 W 7 series, i.e. a very-well-poised 8 ϕ 7 series. Using eq. (6.3.8) of [12] , we obtain
Let us now consider the other form of
, given by (6.14). Using (7.8) and definition (6.10), one finds : 13) or, putting all this in the notation of (8.2) and (8.10),
Equating (8.14) and (8.12) gives the q-analog of (5.5). Relabelling all the variables, it can be written in the following form : thus up to a normalization factor N m these elements must coincide with the eigenvectors e (k)
In other words, using (2.3), Table 1 , and the orthogonality for Meixner polynomials, this yields
where φ m is a phase factor (|φ m | = 1). This relation is realization-independent, and for particular realizations it leads to interesting identities. First it should be noted that for the realization of section III, the explicit form of exp(iαJ 2 )e (k) m becomes rather complicated and (9.8) does not reduce to a simple relation. Here, we shall give two different realizations for which (9.8) implies an interesting relation.
First, let w ≥ 1, r ∈ (0, ∞) and
. In [1, eq. (75)], the following realization of su(1, 1) is considered :
These provide a realization of the su(1, 1) basis which are Hermitian under the scalar product f, g = , and hence exp(iα J 2 ) acting on a function of r takes a simple form, i.e. exp(iα J 2 )f (r) = e αW f (e α/w r). Making the replacements x = 2r w , ρ = e α > 1, a = 2k − 1, (9.16) and keeping in mind the relation (9.2), (9.15) takes a simpler form. In fact, rather than leaving this as an infinite series expression in terms of Laguerre polynomials, it is more convenient to integrate with respect to the orthogonality measure of Laguerre polynomials and then obtain the equivalent expression : ).
The phase factor φ m is again easily derived. Again we have not found (9.22) in the literature. Although it can be derived by classical methods, here it has required no extra work. With the two different realizations considered in this section, the analysis can be continued. For example, another interesting equation is the realization of (2.13) in terms of the above Laguerre polynomials.
In the case of the quantum algebra U q (su(1, 1)), similar developments can be made provided one can find sufficiently simple realizations in terms of q-difference operators and q-special functions.
To conclude, using the explicit knowledge of the expansion coefficients of the eigenstates of a general Hamiltonian in terms of the J 0 eigenstates, we have deduced a number of identities for orthogonal polynomials. By choosing a realization for which the J 0 eigenstates coincide with monomials z n , generating functions or Poisson kernels were derived. Considering the q-analog of this realization, the Poisson kernel for Al-Salam-Chihara polynomials is found. Finally, we have shown that different realizations for the su(1, 1) case give rise to explicit formulas for integrals over orthogonal polynomials expressed as a Meixner polynomial.
